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ABSTRACT 
  
In this dissertation, the effects of a shear-thinning fluid on the evolution of a hairpin 
vortex are investigated. The fluid viscosity is determined using a power law model and 
direct numerical simulations are performed using a pseudo-spectral code. The Reynolds 
number is defined using the initial maximum velocity and the initial viscosity at the wall. 
In the simulations, the Reynolds number and the initial strength of the hairpin vortex are 
fixed. We observe from 3D visualizations that the hairpin tends to lose its coherence 
more easily and breaks into small scale structures when the level of shear thinning is 
increased. The disintegration of the hairpin causes a decrease in the production of kinetic 
energy and an increase in dissipation. As a consequence, the transition to turbulence is 
delayed as the level of shear thinning is increased. In future work, we will investigate the 
effects of shear-thinning on fully developed turbulence, and we will study the effects of 
other rheological models such as the Carreau model. 
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NOMENCLATURE 
 
HP hairpin 
HPE hairpin energy 
DNS direct numerical simulation 
RCA right coronary arteries 
WSS wall shear stress 
zΩ  vorticity in the z direction 
∗t  time scale of dissipation due to viscosity 
iu  total velocity 
u  total velocity in the x direction 
v  total velocity in the y direction 
w  total velocity in the z direction 
p  pressure divided by density 
jiT  viscous stress tensor divided by the density 
xf  constant driving pressure gradient in the x direction 
jiS  symmetric part of the velocity gradient tensor 
!  kinematic viscosity 
K  fluid consistency divided by density 
n  power law index 
xL  domain length in the x direction 
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yL  domain length in the y direction 
Lz  domain length in the z direction 
D  height of the half channel !!!  velocity field of the mature hairpin 
hpU   hairpin velocity in the x direction 
hpV   hairpin velocity in the y direction 
hpW   hairpin velocity in the z direction 
randu   spatially random flow field velocity in the x direction 
randv   spatially random flow field velocity in the y direction 
randw   spatially random flow field velocity in the z direction 
( )yuth   analytical solution for a steady laminar flow of a power law fluid 
in a half channel 
thν   initial kinematic viscosity at the no-slip boundary 
 volumetric average 
 horizontal average 
hpC  constant which sets the amplitude of the initial strength of the 
hairpin vortex 
randC  constant used to vary the amplitude of a spatially random flow 
field 
  
 
vi 
rms root-mean-square velocity 
Re Reynolds number defined using the initial velocity at the shear 
free boundary 
Re!  friction Reynolds number 
∗u  friction velocity 
τ  shear stress at the no-slip boundary 
2λ  eigenvalue of the sum of the squares of the rate of strain tensor 
and the rotation tensor 
ʹ′
ju  fluctuating velocity 
k  volumetric average of the kinetic energy of the fluctuations 
1P  volumetric average of the production of turbulence due to shear 
2P  volumetric average of the production of turbulence due to non-
Newtonian effects 
γ  volumetric average of the dissipation 
ijβ  fluctuating part of the symmetric part of the velocity gradient 
tensor 
ʹ′Ω ji  fluctuating part of the anti-symmetric part of the velocity gradient 
tensor 
t  time 
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1. INTRODUCTION 
 
1.1 Literature Survey 
 
Shear-thinning substances, which are common in nature and are used in products 
encountered in daily life, are those whose viscosity decreases with increasing flow rate. 
Many of these substances behave like solids or highly viscous liquids at low shear rates 
but flow more readily at higher rates of shear. Shear-thinning substances encountered in 
daily life are numerous and common and include milk, greases, waxes, paints, mud, 
ketchup, mayonnaise, printing ink, paper coatings, toothpaste, and crude oil (Mewis, 
1979; Verreet and Berlamont, 1988; Dickie and Kokini, 1983; Chhabra and Richardson, 
1999; Hieber and Shen, 1980; Ikoku and Ramey, 1979). Many fluids of biological origin 
such as blood, mucous, chyme, and synovial fluid are also shear-thinning (Johnston et 
al., 2004; Raju and Devanathan, 1974; Srivastava and Srivastava, 1985). Their ubiquity 
leads to their inevitable importance in a wide variety of applications including those in 
oil recovery (Ikoku and Ramey, 1979; Veatch, 1983), food processing (Dickie, 1983), 
lubrication (Sinha et al., 1983; Bhattacharjee and Das, 1996), biological fluid mechanics 
(Johnston et al., 2004), construction where ceramics, cement and concrete are shear-
thinning (Mewis, 1979), and in nuclear power generation where molten salts are shear-
thinning (Mewis, 1979). In oil recovery, particular in the hydraulic fracturing operation, 
polymer is injected in water. Water then becomes shear-thinning. Here we want to 
distinguish fluids which are purely shear-thinning from other non-Newtonian fluids 
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which may also exhibit elasticity. These fluids, which will not be addressed in this 
dissertation, include high molecular weight polymer solutions (Lumley, 1969; Lumley, 
1973; Sureshkumar et al., 1997).  
The original definition of thixotropy referred to an isothermal, reversible, solid liquid 
transformation caused by mechanical agitation (Mewis, 1979). Currently, the general 
definition of thixotropy is the decrease of apparent viscosity due to shear over time and 
the recovery of viscosity when the flow rate is reduced. Neither shear-thinning nor 
elastic effects are excluded in this definition. However, the time scale of thixotropy is 
not the same as the time scale of viscoelastic relaxation. The time-dependent behavior of 
thixotropy instead of viscoelasticity is investigated. The list of all thixotropic materials is 
impossible to compose. Instead, they can be classified in groups based upon their origins 
or applications. In the field of rheology, thixotropy seems to be one of the most 
neglected areas despite the importance of thixotropic materials in industrial and 
scientific applications. 
The human body is a thermal hydraulic system and the heart is the pump. Coronary 
heart disease is one of the important causes of death in the Western World (Johnston et 
al., 2004). The WSS distribution in coronary arteries is considered to be a major 
contributing factor to the initial symptoms of this disease. Steady state simulations of 
blood flow in human RCA were performed using five non-Newtonian blood models and 
the Newtonian model. For the blood viscosity, in regions of mid to high shear, 
Newtonian model is a good approximation while in regions of low shear, Generalized 
Power Law model is more suitable. This model tends to the Newtonian model in regions 
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of mid to high shear. There is significant variation in the geometry of RCA. These 
geometric differences can cause considerable variations in arterial flow patterns and 
therefore the distribution of WSS. In general, WSS was observed to be lower at the 
entrance to the artery than the end of the section simulated. For low velocities, the non-
Newtonian aspect of blood flow in the RCA is significant. The relationships between 
radius, curvature and WSS require further investigation.  
Drag reduction by additives was studied by Lumley (1969). It was observed by Toms 
(1948) the addition of polymethylmethacrylate to high-Reynolds number turbulent pipe 
flow of monochlorobenzene caused significantly reduction of pressure drop versus the 
solvent alone at the same flow rate. The definition of drag reduction is the decrease of 
skin friction in turbulent flow lower than that of the solvent alone. This definition allows 
the investigators to focus on the effective additives. The definition of Newtonian is the 
proportionality of the extra-stress tensor and the strain-rate tensor for both steady and 
unsteady flows. Any departure will be classified as non-Newtonian behavior. Polymers 
with a linear structure while having minimum side chains are the most effective. 
Effectiveness was measured as the required concentration in order to produce a certain 
level of drag reduction. As the chain length increases, the effectiveness increases as well. 
When the polymer-solvent interactions are favored instead of the polymer-polymer 
interactions, the polymer is extended. Effectiveness increases as the chain expansion 
increases. There was no indication to suggest that molecular diameter is an important 
factor. In high concentrations, all the polymer-solvent combinations display drag 
reduction as well as viscoelastic effects. One example of these effects is the phase 
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difference between stress and strain rate in oscillatory Couette flow. For certain solutions 
such as Carbopol, viscoelastic effects are absent. It was observed that drag reduction is 
also absent in these solutions. Agglomerations of polymer molecules are formed and 
broken up by the fluctuating strain rate of the turbulence. It is unclear whether these 
agglomerations contribute to drag reduction. In the velocity profiles of the polymer-
solvent flows, the logarithmic portion of the law of the wall is moved upward. The 
polymer flows are observed to form agglomerations in the size of the order of the 
dissipative scales. Detailed spectral measurements using device such as the laser-
Doppler velocimeter should be made at dissipative scales. 
The drag reduction in a pipe with the addition of polymer was investigated by 
Lumley (1973). When the wall shear stress is high enough, the fluctuating strain induces 
the molecules to expand which causes the increase of effective viscosity. The extent of 
expansion depends on the concentration. As a consequence, the intensity of the small 
eddies in the buffer layer is gradually reduced. The viscosity deep in the viscous 
sublayer is unaffected where the expansion of molecules is absent. Due to the reduced 
intensity of the small eddies, the decreased Reynolds stress at buffer layer delays the 
reduction of mean profile slope. As a result, the buffer zone between the viscous 
sublayer and the inertial sublayer is thickened. The large eddies which expand with the 
sublayer produce an increased streamwise fluctuating velocity from the mean velocity 
profile mainly in the buffer layer. For small concentration, the drag reduction seems to 
be proportional to the concentration. The maximum drag reduction asymptote 
corresponds to the viscous sublayer which reaches the center of the pipe. Analysis in 
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Newtonian boundary layers shows the small eddies outside the viscous sublayer instead 
of the large eddies transport most of the momentum normal to the wall. The large eddies 
produce an inflectionary mean velocity profile by sweeping slow-moving fluid up from 
the wall. Far from the viscous influence of the wall, this velocity profile becomes 
unstable and produces small eddies which are responsible for the Reynolds stress, in 
other words, the transport of the momentum. The behaviors of these eddies in a polymer 
solution were studied. The thickening of the sublayer produces an increase in the 
thickness and spacing of the large eddies. The dynamics of the growth and decay of the 
large eddies remain the same in a drag-reducing flow as in a Newtonian flow. 
Turbulence is primarily consisted of large eddies in the maximum drag-reduction 
regime.  
Understanding wall-bounded turbulence is critical not only due to its fundamental 
importance in the theory of turbulence (Barenblatt et al., 1997) but also because of its 
obvious significance in determining skin friction drag on virtually all vehicles and 
devices which move relative to a fluid. Original theories of homogeneous turbulence 
were developed using statistical models (Batchelor, 1953; Lin, 1961; Taylor, 1935; von 
Karman, 1937) that treated turbulence as an agglomeration of interacting random 
‘eddies’, which produce random vorticity and velocity fields. These ideas were 
challenged to some extent by Theodorsen (1952), who was the first to conjecture that 
wall-bounded turbulence may not be completely random in nature but might be 
composed of ‘coherent’ elements, which were termed ‘horseshoe’ vortices. These 
structures are thought to form when perturbed spanwise (cross-stream) vortex lines 
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associated with the mean flow would lift away from a no-slip boundary due to vortex 
self-induction. The ‘heads’ of these mini-horseshoe vortices would then, because of their 
location farther from the wall, move faster than their ‘tails’, thereby giving rise to 
stretching and amplification of the vorticity in their ‘legs’. Subsequent experimental and 
numerical investigations revealed considerable evidence for the existence of these 
structures and have shown that they indeed have a statistically significant signature 
(Kline et al., 1967; Smith and Metzler, 1983; Brooke and Hanratty, 1993; Bernard et al., 
1993; Robinson, 1991; Adrian, 2007). Based on these and other similar investigations, 
the term ‘hairpin’ vortex has been used to characterize the typical structure found in 
wall-bounded turbulence. Hairpins are found to have ‘legs’, elongated streamwise 
oriented flow structures which are termed quasi-streamwise vortices. Hairpins can 
appear singly. They also regenerate themselves through naturally creating multiple, 
streamwise-organized hairpins. This remarkable regenerative property of hairpin vortices 
results in the spontaneous formation of clusters of such vortices which were termed 
‘packets’ by Adrian. Packets of hairpins have long persistence. Quasi-streamwise 
vortices and the associated streaks of both high and low momentum are visible in the 
buffer layer. There is also evidence to suggest that they occur in the logarithmic layer 
and maybe even in the wake region. The hairpins are most frequently observed in the 
logarithmic layer and less seen with increasing distance from the wall. They sometimes 
penetrate the entire boundary layer and possibly form the source of turbulent bulges. The 
scale of the structures increases with distance from the wall. The growth of the packets 
transports vorticity, low momentum and turbulent kinetic energy from the wall. This 
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growth is not exclusively responsible for the transport since turbulence is also generated 
by gradients away from the wall. The relationship between the large scales of motion 
which support a significant fraction of the Reynolds stress and the turbulent kinetic 
energy and the hairpin packets are yet to be discovered for fully turbulent flows (Adrian, 
2007). A particularly striking example of the regenerative property of hairpin vortices is 
found in the recent simulation of turbulent spots. In this DNS, turbulent spots were 
found to be composed of large clusters of hairpins or parts of hairpins (Strand and 
Goldstein, 2011). Hairpins may in some sense be thought of as the fundamental building 
block of wall-bounded turbulence. Large scale motions are macroscopic while hairpins 
are microscopic. We study the hairpins in order to understand its effects on macroscopic 
phenomena, for example, heat transfer. The convective heat transfer coefficients are 
affected by the flow regime.  
The studies of turbulent boundary layers are presented by Kline et al (1967). The 
structure of any turbulent flow shows the local balance of production, transport and 
dissipation of turbulent kinetic energy. Within the so-called laminar sublayer, well-
organized spatially and temporally dependent motions are present. In the region very 
near the wall, low-speed streaks are formed due to these motions. The interactions 
between the streaks and the outer portions of the flow follow a process of gradual lift-up, 
abrupt oscillation, bursting and ejection. These processes are critical in the production of 
new turbulence as well as the transport of turbulence within the boundary layer on 
smooth walls. Production plays a primary role in turbulent boundary layers and it is 
concentrated in the rather thin region very near the wall. The understanding of turbulent 
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structure in this region is particularly important. The structure of the entire boundary 
layer is determined predominantly by the thin wall region. Motions in the wall region are 
dominated by viscosity. However, eddy motions are present throughout the entire wall 
region. The violent ejection of low-speed fluid from the regions near the wall is 
primarily responsible for the production of turbulent kinetic energy in the inner region of 
the boundary layer. A positive pressure gradient intensifies the bursting. In certain 
accelerating flows, the bursting ceases entirely which causes the relaminarization of the 
boundary layer. Wall-layer streak breakup is important for the determination of the 
structure of the entire turbulent boundary layer. Wall-layer streaks are formed due to 
vortex stretching which is caused by large fluctuations which act on the flow near a 
smooth wall with a strong mean strain present. The production of turbulence near the 
wall originates from a local, short-lasting, on and off dynamic instability of the 
instantaneous velocity profile near the wall. This instability acts to maintain the mean 
flow. The ejection of fluid away from the wall is crucial for the transfer of energy, 
momentum and vorticity between the inner and outer regions. The outer regions are 
otherwise known as wake.  
The evolution of a hairpin vortex for a Newtonian fluid in a low Reynolds number 
channel was studied using DNS (Zhou et al., 1999). Only when the strength of the initial 
structure reaches or surpasses a threshold can the autogeneration be possible. Due to the 
mutual induction process, in the long legs of the primary hairpin vortex, a kink forms. 
The shear layer between the long legs is the strongest near the kink. The long legs of the 
primary vortex are cut off near the kink when the shear layer rolls-up and turns into a 
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spanwise vortex. This vortex connects viscously with the upstream sections of the legs 
and forms the secondary hairpin vortex which is detached from the legs of the primary 
hairpin vortex. Hairpins with stronger initial strength generate new hairpins more 
quickly than the weaker ones. The results suggest the existence of an optimal distance of 
the initial structure from the wall due to the competing effects of self as well as mutual 
induction and the vortex stretching in the streamwise direction by the mean shear. Apart 
from the secondary and tertiary vortices, new hairpins also emerge on the downstream 
side of the primary hairpin vortex. The downstream vortices grow out of a pair of quasi-
streamwise vertical tongues that stick out from the head of the primary hairpin on the 
downstream side. This pair of tongues evolves into a second downstream hairpin vortex. 
This process results in the generation of several downstream hairpin vortices in quick 
succession. Most of these hairpins are not strong enough and experience rapid decay. 
With the introduction of asymmetry, the simulation results compare better with the 
experiments. Experimental evidence shows that quasi-streamwise vortices occur singly 
usually and counter-rotating pairs of equal strength are rarely observed. The simulation 
results suggest that the influence of local spanwise velocity can be the cause of the 
experimentally observed asymmetry. The asymmetry aids in the subsequent formation of 
new hairpins. The initial threshold for the autogeneration becomes lower with the 
introduction of asymmetry. The simulation results indicate the coherent vortex packets 
are a fundamental flow feature of the near-wall region for a low Reynolds number. The 
authors believe this is also true for a high Reynolds number. 
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Purely shear-thinning have been found to play an important role not only in lower 
speed laminar flows, such as in lubrication applications and in biological flows, but also 
in higher speed, higher Reynolds number flows. In particular, they have been found 
recently to play a significant role in modifying the behavior of fully turbulent flows as 
well as in delaying the transition of laminar flows to fully turbulent ones. However, the 
details of how they affect complex flows such as those at moderate and high Reynolds 
numbers in which nonlinearity and complex vortex dynamics are important remain 
unclear. 
The effects of shear-thinning fluids on fully developed turbulence in pipes were 
explored experimentally by Park et al. (1989), Pinho and Whitelaw (1990) and Escudier 
and Presti (1996). They found that compared to Newtonian fluids, shear-thinning fluids 
delay the transition to turbulence, reduce radial and tangential turbulent velocity 
fluctuations, and reduce the skin friction coefficient. More recently, a comprehensive set 
of direct numerical simulations of fully developed turbulent pipe flow using a power law 
fluid model and Herschel-Bulkley model (yield stress + shear thinning) were performed 
by Rudman et al. (2004). They argue, in agreement with the above cited experiments, 
that the dominant instabilities leading to wall-bounded turbulence have their origin very 
near the wall of a pipe or channel. They found that shear-thinning fluids reduce skin 
friction, tangential and wall normal velocity fluctuations, streamwise vorticity 
fluctuations, and Reynolds stresses in agreement with experimental findings. They also 
observed that the so-called ‘streak spacing’, a cross-stream length scale characterizing 
the spacing of quasi-periodic coherent structures found in wall-bounded turbulence 
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(Smith and Metzler, 1983), increases as the fluid becomes increasingly shear-thinning. 
Flow visualizations revealed that as shear-thinning was increased the flow became more 
intermittent in character, signifying that the flow was characterized by regions of 
quiescent laminar flow interspersed with fully turbulent regions. The authors conjecture 
that these relaminarization effects may be caused in part by the mixing of higher 
viscosity core fluid with wall fluid, thereby inhibiting the growth of near wall 
instabilities. These near wall instabilities, at least with respect to linear theory, have been 
recently explored by Nouar et al. (2007) for the flow of a shear-thinning Carreau fluid in 
channel flow. The authors looked at infinitesimal disturbances. They found that Carreau 
fluids may be able to delay the transition to turbulence in contrast to earlier 
investigations of linear stability in shear-thinning fluids. This difference is attributed to 
their choice of Reynolds number (based on the wall viscosity) and also to the inclusion 
of the effects of flow perturbations on the local viscosity, which was not taken into 
account in earlier work.  
 
1.2 Objective 
 
The great complexity of fully developed turbulence in pipes and channels, together 
with a need to understand the effects of non-Newtonian flows free of elasticity, leads to 
our present investigation. For this purpose, we focus here on the effects of solely shear-
thinning fluids on the fundamental element of wall-bounded turbulence, the hairpin 
vortex. By focusing exclusively on shear-thinning fluids we avoid the complicating 
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effects associated with elasticity, namely the ability of viscoelastic fluids to enhance 
elongational viscosity (Lumley, 1969; Lumley, 1973). Moreover, by investigating the 
fully nonlinear evolution of hairpin vortices in fluids of increasingly greater shear-
thinning capacity, we hope to simplify the more complex problem of understanding the 
effects of shear-thinning fluids on fully developed turbulence, as well as to gain more 
precise information on the mechanisms responsible for the apparent ability of such fluids 
to delay the transition to turbulence. We note that the evolution of a hairpin vortex in a 
shear flow, though not as complex as the evolution of fully developed turbulence, is still 
a flow in which fully nonlinear hydrodynamics modifies the local fluid viscosity in space 
and time. This is to be distinguished from the purely linear stability analyses cited 
previously. Recent work by Kim et al. (2008) and Kim and Sureshkumar (2013) 
illustrate the effectiveness of this approach. In their work, they explored the effects of a 
viscoelastic fluid (FENE-P model) on the evolution of a single hairpin vortex and 
showed that viscoelasticity strongly suppressed the growth of hairpins to the point where 
autogeneration was entirely suppressed in some cases, thereby eliminating the 
development of hairpin vortex packets. These are the only articles about hairpin in 
viscoelastic fluids we found. We are the first to investigate the effects of shear-thinning 
fluids on the evolution of hairpins. 
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1.3 Explanation for the Formation of a Hairpin 
 
 
 
 
 
 
 
 
Figure 1.1: Instantaneous schematic representation of streamwise parabolic velocity 
profile 
 
 
 
 
 
 
 
 
 
 
Figure 1.2: Vortex lines and two possible types of perturbation 
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Here we have a Newtonian flow with a parabolic velocity profile as shown in figure 
1.1. The arrows point to the direction of the flow. Vortex lines are in x-z plane pointing 
towards the -z direction. The vorticity in the z direction Ω! is given as: Ω! = !!!" !!! − !"!" !!!                (1.1) 
At ! = 0, ! = ! = ! = 0. Ω! is at its maximum with Ω! = − !"!" !!! ≠ 0 
We are looking at a plane close to the wall. There is a slight perturbation in one of vortex 
lines as shown in figure 1.2. There are two kinds of equally likely perturbation in the 
forms of kinks as illustrated in figure 1.2. They are drawn with exaggeration here. Right 
thumb points to the direction of the arrows. The marked points are highlighted with tiny 
crosses in the following figures. For the first kind of perturbation illustrated at the left of 
figure 1.2, the vortex leg at point A presses the vortex leg at point B towards the wall, 
and vice versa. It will eventually dissipate when it interacts with the wall. The first kind 
of perturbation will not survive. For the second kind of perturbation illustrated on the 
right of figure 1.2, the vortex leg at point A lifts the vortex leg at point B, and vice versa, 
the so-called mutual induction according to the Biot-Savart law. A hairpin is formed. We 
assume viscosity is not important for a short period time, therefore we can treat the flow 
as an inviscid fluid. In this case, vortex lines are material lines. In another words, the 
vortices move with the fluid. !∗ is the diffusion time scale which is also the time scale of 
dissipation due to viscosity. ! is time scale at which the hairpin moves. ! is the kinematic 
viscosity.  !! is the centerline velocity. !∗~ !!! > ! = !!!                 (1.2) 
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Figure 1.3: Hairpin vortex 
 
A strong initial core will not diffuse quickly since inertial forces are larger than 
viscous forces. In figure 1.3, the vortex line at point C moves faster than the vortex lines 
at point E and point D, since they move at the speed as the velocity profile at the same 
elevation. Vorticiy is intensified due to vortex stretching. The head lifts up more rapidly 
than the legs. The lift-up is strongest at the narrow bridge which has the minimum 
spanwise separation. The momentum of inertia and the diameter of the vortex tube 
decrease. As a consequence, the vorticity is further intensified due to the conservation of 
angular momentum. The analogy will be that a figure skater spins faster on the ice when 
she pulls her arm closer to her body. 
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As illustrated in figure 1.3, point 1 is on the streamline of point 2 and the direction of 
the velocity on that streamline is upwards. As a consequence, Point 1 is lifted up. For the 
same reason, point 2 is also lifted up by point 1. There are disturbances behind the parent 
hairpin which generates secondary hairpins. The above explanation is qualitative, not 
quantitative. For example, it does not contain information regarding the minimal width 
of perturbation which is required to generate a hairpin. We assume what is true for one 
hairpin might be true for every hairpin. 
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2. PROBLEM FORMULATION AND NUMERICAL METHODS 
 
2.1 Problem Formulation 
 
We consider a fluid of constant density governed by the laws of momentum and 
mass conservation given by: 
!!!!" + !!!!!! = −!!! + !!!!" + !!             ( )1.2  !!!! = 0                   ( )2.2  
where ( ) ( )wuuuuu j ,v,,, 321 ==  is the fluid velocity with components !, !   and ! in the !, ! and ! directions respectively, and ! is time. The pressure divided by density is given 
by !, !! is a body force, the viscous stress tensor divided by the density is given by !!" = 2!!!", where !!" = !!!! + !!!! 2 is the rate of strain tensor and ! is the 
kinematic viscosity.  
Since we are focused on non-Newtonian fluids without elasticity, there are a fairly 
limited number of rheological models of this type available, including the Carreau, Ellis, 
Bingham plastic, Herschel-Bulkley, Casson, and the power law model (Chhabra and 
Richardson, 1999). In this dissertation, we have chosen the power-law model for two 
principal reasons: (1) The power law model, although it is the simplest of the models 
named above, applies to a very wide variety of flows, and (2) The phenomenon we 
investigate, namely the nonlinear evolution of hairpin vortices in a shear flow, is 
extremely complex even for a Newtonian fluid, so using a model more complex than the 
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simplest one which is the power law model creates an unnecessary degree of complexity. 
In the standard power law model (Tanner, 1988) used here, the kinematic viscosity 
which is a function of both space and time is given by: 
( ) 11 2 −− == njijin SSKKγν               ( )3.2  
where ! > 0 is the flow index, and ! is the traditional fluid ‘consistency’ divided by 
density with units of !!! ⋅ !!!!. We note that when ! = 1, the equations of motion 
reduce to that of a Newtonian fluid. Shear thinning behavior is obtained for ! < 1, while 
the fluid is shear thickening when ! > 1. In all our simulations, the fluid will be either 
Newtonian or shear thinning. 
The equations of motion (2.1) and (2.2) together with the power law model given 
by (2.3) were solved using a pseudo-spectral code in a half-channel geometry in which 
the velocity field is expanded in Fourier modes in the horizontal ! − ! plane and 
Chebyshev modes in the vertical ! direction. The body force in (2.1) is chosen to act 
solely in the ! direction, is constant in space and time so as to represent a constant 
driving pressure gradient, and is designated hereafter as !!. The computational domain is 
illustrated in figure 2.1. The resolution which is the number of grid nodes was 128×65×128 in the !, ! and ! directions respectively, and the corresponding domain 
lengths were !! = 4!", !! = !, and !! = !", where ! is the height of the half-
channel. The domain extends from ! = −! at the bottom of the channel where no-slip 
boundary conditions ! = ! = ! = 0  are enforced to ! = 0 at the top, where shear-
free conditions !" !" = !" !" = ! = 0  are employed. 
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yz LL π=  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.1: Schematic of the computational domain showing the body force perturbation 
used to create a hairpin vortex. 
 
A 2 step process was used to generate a hairpin flow field. Firstly, a body force was 
added to a Newtonian flow. This Newtonian flow had initial velocities of 0 in all 3 
directions. The body force acted in a Newtonian flow for 0.05 second. The center of the 
body force is at 2!" in the x direction, −0.9! in the y direction and 0.5!" in the z 
direction. It is located near the wall and acts in the negative ! direction. The force 
distribution has hyperbolic tangent profiles in all three directions. The amplitude decays 
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more rapidly in the y direction versus the other 2 directions. The data of the velocity 
field was printed out every 0.005 second. The data of the velocity field at 0.02 second 
was chosen.  
Secondly, this data was added to another Newtonian flow and another simulation 
was performed. This Newtonian flow has the initial velocities as !, !,! = !!! ! , 0,0  and !" = 5000. The simulation lasted for 0.5 second. The 
data of the velocity field was printed out every 0.05 second. It was empirically 
determined that a mature hairpin was produced after 0.1 second and the velocity field at 
this time instant was chosen to initialize all subsequent simulations. The velocity field of 
the mature hairpin !!! = !!!,!!!,!!!  is divergence free and satisfies the boundary 
conditions. If the same body force were to be used in all the simulations, the initial 
condition would not be identical. The same initial condition is used in all the simulations 
which cannot be performed experimentally in a laboratory. 
In each case to be described below the initial condition was composed of an 
analytically determined laminar velocity profile !, !,! = !!! ! , 0,0  to which the 
hairpin flow field was added. The analytical solution for a steady laminar flow of a 
power law fluid in a half-channel driven by a constant pressure gradient !! is given by: 
 !!! ! = !!! !!!! !!! ! !!!! − − !!! ! !!!!           ( )4.2  
Here the pressure gradient is determined to precisely balance the wall shear 
associated with this analytically determined profile such that if the initial hairpin flow 
field eventually decays to zero, the flow will return to this state. 
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The initial condition for all runs is given explicitly by: 
( ) ( )
⎪
⎭
⎪
⎬
⎫
+=
+=
+−+=
randrandhphp
randrandhphp
randrandhphphp
wCWC
vCVC
uCUUCy
w
v
uu th
          ( )5.2  
where !!! = !!!!! !!! !,!, ! !"!!! !"!!!  is the horizontal average of the ! 
component of the Newtonian flow which contained both a parabolic mean profile and a 
hairpin flow, and the symbol … .   will be used subsequently to define instantaneous 
horizontal averaging. Here !!! is a constant which sets the amplitude of the initial 
strength of the hairpin vortex, and !!"#$ is a constant used to vary the amplitude of a 
spatially random flow field given by !!"#$ , !!"#$ ,!!"#$ . The impulsive body force 
used to create the hairpin vortex was symmetric in the ! − ! plane, and this symmetry 
was transferred to the hairpin vortex flow field. Thus the random flow field was 
introduced to break this initial symmetry, and was chosen to have a very low amplitude 
so as not to affect the spatial coherence of the hairpin. This breaking of symmetry allows 
the flow to develop in a more realistic manner. The initial strength of the hairpin 
produced in this way, characterized by its root-mean-square velocity (!"#), was chosen 
to be approximately 2 to 4 percent of the initial maximum velocity in the channel, !!! 0 , and the rms of the random velocity field was about five percent of the rms 
velocity associated with the hairpin. It is important to note that the amplitude of the 
disturbance composed of both the hairpin vortex and the random velocity field is 
independent of ‘!’ and Reynolds number, and has horizontal zero mean. In addition, 
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while !!! changes from run to run, the absolute amplitude of the perturbation remains 
unchanged.  
The main objective of this dissertation is to explore the effect of the Reynolds 
number and ‘!’ on the evolution of the hairpin vortex flow defined previously. That is, 
in each computer simulation series, we fix the Reynolds number, !" = !!! !!!:!,! !!!! !,!  
while varying ‘!’ where !!! is the viscosity computed using !!! !  and (2.14) at the 
no-slip boundary. Note that this definition uses only quantities computed a priori. 
Another option is to define a Reynolds number using the volumetrically averaged initial 
viscosity associated with !!! ! . However, for a variety of reasons delineated in detail 
in (Rudman et al., 2004; Nouar et al., 2007), the Reynolds number defined above is most 
appropriate for power law fluids. Most importantly, since instabilities in wall bounded 
turbulence are known to grow most rapidly near a no-slip wall, at least as far as linear 
stability theory is concerned (Rosenhead, 1963), this definition seems appropriate on 
physical grounds since it is based on the initial viscosity at the wall. 
Simulations of hairpin vortex evolution were made for !" = 4×10!, 6×10!, 8×10! 
and values of ‘!’ which range from 1.0 to 0.7. For the highest Reynolds number 
(!" = 8×10!), the grid resolution is Δ!~10!! and Δ!~3!! in the ! and ! directions 
respectively, where !! = !!! !∗, !∗ = ! ! is the friction velocity, and ! is the shear 
stress at the no-slip boundary computed from !!! !  and the definition of the viscous 
stress tensor. Finally, since the power law model predicts an infinite viscosity at zero 
strain rate, it was necessary to use a ‘cut-off’ strain rate of 10!! times the maximum 
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strain rate determined from !!! !  to preserve finite viscosity. A similar cutoff was used 
in (Rudman et al., 2004). 
 
2.2 Numerical Methods 
 
We rewrite the momentum equation as: 
ijijijji
i fTuup
t
u
+∂+∂−−∂=
∂
∂              ( )6.2  
We decompose the viscous term into two parts as shown below: 
( ) jijijiji SSST 00 222 νννν −+==             ( )7.2  
( )[ ]jijjijjij SST 00 22 ννν −∂+∂=∂             ( )8.2  
However, iijjjij uuS
2
0002 ∇=∂∂=∂ ννν  
We then rewrite the momentum equation as:  
( )[ ] iijjjijiii fuuSupt
u
+∂−−∂+∇+−∂=
∂
∂
0
2
0 2 ννν        ( )9.2  
In all our calculations, [ ]0 , 321 === ffff x  
0ν  is the minimum viscosity or initial viscosity at the wall which is a constant. It is 
numerically difficult to solve jijT∂  directly using implicit method. The implicit Crank-
Nicolson method is used for iu
2
0∇ν  while the explicit Adams-Bashforth method is used 
for ( )[ ]jij S02 νν −∂ . While using an explicit method, we subtract 0ν in order to avoid 
numerical instability. 
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In this dissertation, we refer to the numerical procedures developed in (Kim et al., 
1987). By introducing ( )[ ] iijjjiji fuuSH +∂−−∂= 02 νν , the momentum equation can 
be rewritten as: 
iii
i Hup
t
u
+∇+−∂=
∂
∂ 2
0ν               ( )10.2  
0=∂ iiu                    ( )2.2  
By reducing equations (2.10) and (2.2), a fourth-order equation for v and a second-
order equation for the normal component of the vorticity are obtained as the following: 
vv 40v
2 ∇+=∇
∂
∂
νh
t
                ( )11.2  
g20g ∇+=∂
∂
νhg
t
                ( )12.2  
0v =
∂
∂
+
y
f                   ( )13.2  
where u wf
x z
∂ ∂
= +
∂ ∂
, u wg
z x
∂ ∂
= −
∂ ∂
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31 H
zxz
H
x
H
y
hv ⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
∂
∂
+
∂
∂
+⎟
⎠
⎞
⎜
⎝
⎛
∂
∂
+
∂
∂
∂
∂
−=  
31
g
HHh
z x
∂∂
= −
∂ ∂
 
A spectral method is implemented in which the spatial derivatives of the velocity field is 
expanded with Fourier series in the streamwise and spanwise direction, Chebyshev 
polynomials in the normal direction. Equation (2.12) then becomes the following: 
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( ) nngngn
t
hht
t
g
2
13
2
g
2
1 201120 ⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
++−
Δ
=⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
− −+
νν  
( ) 0
0
=
∂
∂
=−=
=y
y y
gLyg                ( )14.2  
Equation (2.14) is transformed in the streamwise and spanwise directions with Fourier 
series and then each wavenumber is solved using the Chebyshev-tau method (Lanczos, 
1956). The even and odd modes of the Chebyshev coefficients are decoupled and 
equation (2.14) becomes a tridiagonal system with one full row. 
The fourth-order equation (2.11) can be solved efficiently after it was split into the 
two following second-order equations: 
( ) nnnn thhtt φνφν ⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
++−
Δ
=⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
− −+ 201vv
120
2
13
22
1  
112v ++ =∇ nn φ  
( ) ( ) ( ) ( ) 00v0vvv 2
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1
1
1 ==
∂
∂
===−=
∂
∂
=−=
+
+
+
+ y
y
yLy
y
Ly
n
n
y
n
y
n     ( )15.2  
We can rewrite the continuity equation as: 
0=
∂
∂
+
∂
∂
+
∂
∂
z
w
y
v
x
u  
We then take the derivative of the continuity equation with respect to y : 
02
2
=⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
∂
∂
∂
∂
+
∂
∂
+⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
∂
∂
∂
∂
y
w
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v
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0
0
2
2
=
∂
∂
=yy
v  since 0
00
=
∂
∂
=
∂
∂
== yy y
w
y
u  
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The Chebyshev-tau method is used to solve this coupled system. The four boundary 
conditions are satisfied as listed below. Let: 
1 1 1 1
1 1 2 2 ,
n n n n
pv v c v c v
+ + + += + +               ( )16.2  
where the particular solution 1npv
+  as well as the two homogeneous solutions 11
nv +  and 
1
2
nv +  satisfy 
( ) nnnnp
t
hht
t
φ
ν
φ
ν
⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
++−
Δ
=⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
− −+ 201vv
120
2
13
22
1  
( ) 011 =±+npφ   
112v ++ =∇ np
n
p φ , ( ) 01v 1 =±+np               ( )17.2  
0
2
1 11
20 =⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
− +n
t
φ
ν  
( ) ( ) 11,01 1111 =−= ++ nn φφ   
1
1
1
1
2v ++ =∇ nn φ , ( ) 01v 11 =±+n               ( )18.2  
0
2
1 12
20 =⎟
⎠
⎞
⎜
⎝
⎛
∇
Δ
− +n
t
φ
ν  
( ) ( ) 01,11 1212 =−= ++ nn φφ   
1
2
1
2
2v ++ =∇ nn φ , ( ) 01v 12 =±+n               ( )19.2  
Equations (2.17) (2.18) (2.19) are transformed using Fourier series in the streamwishe 
and spanwise directions. They are then solved simultaneously by removing the same 
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banded matrix with three different right-hand sides. The constants 1c  and 2c  are chosen 
to satisfy the following criteria: 
!vn+1
!y y = "Ly( ) =
!2vn+1
!y2 y = 0( ) = 0             ( )20.2  
After the normal velocity and vorticity are calculated, using equation (2.5) and the 
definitions of f and g, the streamwise velocity u and the spanwise velocity w can then be 
calculated. Time advancement does not require the calculation of pressure. By 
computing pressure, turbulence statistics involving pressure can be obtained. We can 
compute the pressure from the normal momentum equation. The wall pressure values are 
determined from the combination of streamwise and spanwise momentum equations 
which are the governing equations of f. We can also compute pressure from the equation 
for f. The pressure corresponding to the zero wavenumbers ( )0x zk k= =  is determined 
from the normal momentum equation. The two methods produce the same results for the 
present numerical method which implies the pressure satisfies both the Neumann and 
Dirichlet boundary conditions (Moin and Kim, 1980). Some other spectral codes do not 
preserve this consistency requirement. 
In order to preserve the conservation of mass, energy and circulation numerically, 
the nonlinear terms in equation (2.1) are calculated in the rotational form (Moin and 
Kim, 1982). Additionally, prior to transforming into the physical space, the number of 
collocation points is expanded by a factor of 1.5 to avoid the aliasing errors due to 
calculating the nonlinear terms pseudo-spectrally. 
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2.3 Simulation Parameters 
 
Table 2.1 List of all the runs 
 
Run Re n hpe crand DT time steps real time (s) 
1 4000 1 5 0.001 0.000025 160000 4 
2  0.9      
3  0.8      
4  0.7      
5 6000 1 0.1 0.001 0.000025 400000 10 
6  0.7    	    
7  1 1     
8  0.7      
9  1 5     
10  0.9    200000 5 
11  0.8      
12  0.7      
13  1 10     
14  0.9      
15  0.7   0.0000125 800000 10 
16 8000 1 5 0.001 0.000025 200000 5 
17  0.9 	   	   	   	   	  
18 	   0.8 	   	   	   	   	  
19 	   0.7 	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3. RESULTS 
 
3.1 The Derivation of the Kinetic Equation for a Non-Newtonian Flow during Transient 
 
It is not the primary purpose of this dissertation to elucidate the detailed evolution 
and topological structure of an individual hairpin in a shear flow, which has been 
investigated in detail by others for a Newtonian fluid (Adrian, 2007; Zhou et al., 1999). 
Instead we want to obtain a global understanding of the evolution of the flow, which can 
be obtained by calculating the volumetric average of the kinetic energy of the 
fluctuations. 
In our calculations, we simulate transients that are not statistically steady. In order to 
derive the kinetic energy equation, we start with the momentum equation: 
ij
j
iijj
i
x
puu
t
u
τ
∂
∂
+−∂=∂+
∂
∂              ( )1.3  
iii uuu ʹ′+=  
iii uuu ʹ′+=  
0=ʹ′iu  
iu  is the total velocity. The bracket designates the horizontal average defined by ! = !!!!! !"#!!! !"!!! . iu  is the horizontal average of the total velocity. iuʹ′  is the 
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fluctuating velocity field. The overbar designates the volumetric average defined by ! = !!!!!!! ! !,!, !, ! !"!!! !"!!!! !"!!!  
We now list the boundary conditions at the shear free top boundary and the no-slip 
bottom boundary: 
Top 02 =x : 02 =u , 0
2
3
2
1 =
∂
∂
=
∂
∂
x
u
x
u
, 02
2
2
2
=
∂
∂
x
u  
Bottom Lx −=2 : 0321 === uuu  
Top: 02 =u , 0
2
3
2
1 =
∂
∂
=
∂
∂
x
u
x
u
 
Bottom: 0321 === uuu  
Top: u2 = 0 , 
! "u1
!x2
=
! "u3
!x2
= 0 , !u1 " 0 , !u3 " 0  
Bottom: 0321 =ʹ′=ʹ′=ʹ′ uuu , 0
2
2 =
∂
ʹ′∂
x
u
due to mass conservation, 0
1
2 ≠
∂
ʹ′∂
x
u
, 0
3
2 ≠
∂
ʹ′∂
x
u
 
Unsteady term 
!ui
" ui + !ui( )
"t =
!ui
" !ui
"t +
!ui
" ui
"t  
!ui
" ui
"t =
1
LxLyLz
!ui#
" ui
"t dxdydz  
=
1
LxLyLz
!ui dx dz"( )" # ui#t dy =
1
LxLyLz
!ui"
# ui
#t dy = 0  
since 0=ʹ′iu , iu is a function of y  
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!ui
" ui + !ui( )
"t =
!ui
" !ui
"t =
"k
"t  
iiuuk ʹ′ʹ′= 2
1 represents the kinetic energy of the fluctuations 
Convective term 
!ui uj + !uj( )" j ui + !ui( ) = !ui uj " j ui + !ui uj " j !ui + !ui !uj" j ui + !ui !uj" j !ui  
= !ui uj " j !ui + !ui !uj" j ui + !ui !uj" j !ui  
!ui uj " j ui = 0  since !ui = 0  
! j "ui "ui "uj( ) = "ui "uj! j "ui + "ui! j "ui "uj( )  
!ui" j !ui !uj( ) = !ui !ui" j !uj + !ui !uj" j !ui = !ui !uj" j !ui  
! j "ui "ui "uj( ) = 2 "ui "uj! j "ui  
!ui !uj" j !ui = " j
!ui !ui
2 !uj
#
$
%
&
'
(  
!ui uj + !uj( )" j ui + !ui( ) = !ui uj " j !ui + !ui !uj" j ui +" j !ui !ui2 !uj
#
$
%
&
'
(  
01 ≠u , 032 == uu  
!ui uj " j !u = u1 !ui"1 !u = u1 "1
!ui !ui
2
#
$
%
&
'
(=
1
Ly
u1 "1
!ui !ui
2
#
$
%
&
'
(
y
) dy  
0
21
=⎟
⎠
⎞
⎜
⎝
⎛ ʹ′ʹ′
∂ ii
uu  
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0
2
=⎟
⎠
⎞
⎜
⎝
⎛ ʹ′
ʹ′ʹ′
∂ j
ii
j u
uu  
⎟
⎠
⎞
⎜
⎝
⎛ ʹ′
ʹ′ʹ′
∂= j
ii
j u
uu
f
2
 
( ) ( ) 0,,0,, 32321110
1
1
=−==
∂
∂
∫ xxfxxLxfdxx
fL
 due to periodicity in the x directions. The 
same is true for the z direction. 
!
"ui "ui
2 u2
#
$
%
&
'
(
!x2)L
0
* dx2 =
"ui "ui
2 "u2 0
)
"ui "ui
2 "u2 )L
= 0 due to the boundary condition in the y 
direction. 
!ui uj + !uj( )" j ui + !ui( ) = !ui !uj" j ui = !u1 !u2"2 u1 = !u1 !u2
" u1
"x2
 
The terms representing the transport of kinetic energy including ijji uuu ʹ′∂ʹ′  and 
ijji uuu ʹ′∂ʹ′ʹ′ are identically zero. 
2
1
211 x
u
uuP
∂
∂
ʹ′ʹ′= represents the production of turbulence due to shear 
Pressure term 
( ) pupuppu iiiiii ∂ʹ′+ʹ′∂ʹ′=ʹ′+∂ʹ′  
0=∂ʹ′ pu ii since 0=ʹ′iu  
( ) puuppupu iiiiiiii ʹ′∂ʹ′=ʹ′∂ʹ′+ʹ′∂ʹ′=ʹ′ʹ′∂  
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( ) ( ) 0=ʹ′ʹ′∂=ʹ′+∂ʹ′ puppu iiii since pʹ′ is periodic and 02 =ʹ′u  at both boundaries. 
Viscous term 
jijiu τ∂ʹ′=v  
jiji Sντ 2=  
jijiji SS β+=  
( ) ( ) ( ) 12 vv222v +=∂ʹ′+∂ʹ′=∂ʹ′= jijijijijiji uSuSu νβνν  
( )jijiu νβ2v1 ∂ʹ′=  
( ) ( ) ijjijijijiij uuu ʹ′∂+∂ʹ′=ʹ′∂ νβνββν 222  
ʹ′Ω+=ʹ′∂ jijiiju β  
( ) jijijiij u βνββν 22v1 −ʹ′∂=  
( )jiji Su ν2v2 ∂=  
( ) ( ) ijjijijijiij uSSuSu ʹ′∂+∂ʹ′=ʹ′∂ ννν 222  
( ) jijijiij SSu βνν 22v2 −ʹ′∂=  
( ) ( ) ( ) ( )iiiiiijiij uuuu 332211 2222 βνβνβνβν ʹ′∂+ʹ′∂+ʹ′∂=ʹ′∂  
( ) ( ) 022 3311 =ʹ′∂=ʹ′∂ iiii uu βνβν due to periodicity 
( ) ( ) ( ) ( )∫∫∫ ʹ′∂
∂
+ʹ′
∂
∂
+ʹ′
∂
∂
=ʹ′∂ 2233
2
2222
2
2211
2
22 2222 dxux
dxu
x
dxu
x
u ii βνβνβνβν  
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( ) 02 2222
2
=ʹ′
∂
∂
∫ dxux βν  since 02 =ʹ′u at the top and the bottom of the domain 
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∂
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2
1
β represents the fluctuating part of the symmetric part of the velocity 
gradient tensor 
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∂
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1
1
2
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1
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2
1 =
∂
ʹ′∂
x
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shear free 
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23 2
1
x
u
x
u
β since 023 =β  at the top, 02 =ʹ′u , 0
2
3 =
∂
ʹ′∂
x
u
shear free 
( ) 02 2211
2
=ʹ′
∂
∂
∫ dxux βν  since 021 =β at top and 01 =ʹ′u on bottom 
( ) 02 2233
2
=ʹ′
∂
∂
∫ dxux βν  
jijiβνβ2v1 −=  
jijiβνβγ 2−=  represents the dissipation. 
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3.2 Effects of Reynolds Number and Power Law Index on the Evolution of a Hairpin 
Vortex  
 
An overall view of the evolution of a hairpin vortex in a shear-thinning fluid can be 
obtained by observing the temporal evolution of the kinetic energy ! of the flow. This is 
shown in figure 3.1 (Zhen et al., 2013) for a consistency ! = 10!!!!! ⋅ !!!!, which 
corresponds to the kinematic viscosity of water at 20℃ for ! = 1. Results are shown for 
Reynolds numbers ranging from 4000 to 8000. For comparison, linear stability theory 
(Orszag, 1971) shows that the critical Reynolds number for plane (2-walled) channel 
flow is !" = 5772. We note of course that ! is the same at ! = 0 in all cases as a result 
of our choice of initial conditions described above. For each Reynolds number it is seen 
that the kinetic energy of the disturbance initially decreases, with the possible exception 
of !" = 8×10! for ! = 1, before rebounding, peaking, and subsequently decreasing. 
The effect of decreasing ‘!’ (increased shear thinning) is clearly to delay the appearance 
of the peak in the kinetic energy. For example, for !" = 4×10! the maximum kinetic 
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energy for ! = 1 occurs at ~0.9! but for ! = 0.7 the peak is significantly delayed to ~1.6!. Moreover, as ‘!’ decreases for each Reynolds number, the magnitude of the 
maximum value of ! is significantly decreased, with the decrease typically one order of 
magnitude or more for the ! = 1 case compared to that for ! = 0.7. In each case, with 
the possible exception of !" = 8×10! for ! = 1, the rate of change of the kinetic 
energy, !" !", is negative at early times and its absolute value is clearly seen to 
increase with decreasing ‘!’, indicating that the effect of increased shear thinning is to 
accelerate the initial decrease in kinetic energy of the hairpin vortex. Finally, for any 
given value of ‘!’, as the Reynolds number increases, the peak in the kinetic energy 
appears earlier in time. 
 
Figure 3.1. Kinetic energy ! !"/! ! versus time ! (seconds) of channel flow perturbed 
by a hairpin vortex for three Reynolds numbers. Symbols represent the power law index !:  ? (! = 1, Newtonian), ? (! = 0.9),  · (! = 0.8),  * (! = 0.7). Reprint with 
permission from (Zhen et al., 2013). 
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Figure 3.2. Production of kinetic energy !! made nondimensional by !∗ ! !!! versus 
time ! (seconds) for channel flow perturbed by a hairpin vortex for three Reynolds 
numbers. Symbols are identical to those in Figure 3.1. Reprint with permission from 
(Zhen et al., 2013). 
 
 
Figure 3.3. Dissipation of kinetic energy −! made nondimensional by !∗ ! !!! versus 
time ! (seconds) for a channel flow perturbed by a hairpin vortex for three Reynolds 
numbers. Symbols are identical to those in Figure 3.1. Reprint with permission from 
(Zhen et al., 2013). 
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We have found in all cases that the term !!, which represents production of kinetic 
energy via non-Newtonian effects, is negligibly small (typically less than one percent of !!) and will not be presented here. Further insight into these dynamics can be gained by 
studying the evolution of the production, !!, and the dissipation, !, in figures 3.2 and 3.3 
(Zhen et al., 2013). In these figures, in order to insure a proper relative comparison of 
these terms, the quantities of interest are made non-dimensional using !∗ ! !!!, an 
estimate of the production and dissipation in each case. The production shown in figure 
3.2 is seen to decrease from its initial value at very early times in all cases. However, as 
‘!’ decreases, the initial time rate of change of the production becomes increasingly 
negative, indicating that shear thinning has a strong effect on the production of kinetic 
energy of the hairpin. Subsequently, the production is found to peak in all cases before 
decaying to levels which appear to be nearly steady for times greater than about 3 
seconds. Interestingly, for ! < 1, the production appears to exhibit two peaks, one at 
early times (!~0.5!) and a broader peak appearing later. The temporal evolution of the 
negative of the dissipation, −!, is shown in figure 3.3. γ−  is plotted here since 
dissipation serves as a sink of the kinetic energy. The effect of shear thinning on 
dissipation is evident at ! = 0 where for the Newtonian case, !" !" is slightly negative 
whereas it becomes increasingly positive as ! decreases. This indicates that the effect of 
shear thinning on the hairpin vortex is to immediately increase the rate at which it is 
being dissipated by viscous action. In the shear thinning cases a peak in the dissipation 
occurs very early in time (! < 0.1!), the magnitude of this peak being at least one order 
of magnitude larger for ! = 0.7 compared to the Newtonian case near ! = 0. Moreover, 
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for ! < 1, the rapid increase in dissipation is followed by a nearly equally rapid 
decrease, followed again by an increase until a near steady state is reached at around !~3!. 
The effect of a shear thinning fluid on the evolution of the production, and especially 
the rate of viscous dissipation, is particularly striking. It is therefore of some interest to 
see how the effects of shear thinning are manifested in the structure of the flow. For this 
purpose, we use the parameter !!, an eigenvalue of the sum of the squares of the rate of 
strain tensor and the rotation tensor, which has been shown (Jeong and Hussain, 1995) to 
be effective in identifying vortex cores. In figure 3.4, isosurfaces of !! are shown at four 
time instants for !" = 4×10!. As specified by the initial conditions, the hairpin vortex 
is seen to be identical at ! = 0! for all values of ‘!’, and has the standard shape 
associated with such a vortex: two elongated ‘legs’ and an elevated ‘head’. At ! =   0.05!, which corresponds approximately to the time at which the dissipation is a 
maximum in the ! < 1 cases, it appears that the hairpin vortex remains relatively intact 
in the Newtonian case, but as ‘!’ decreases the vortex is seen to progressively lose 
coherence, and appears to break up into smaller scale structures. In particular, for ! = 0.7 and ! = 0.05, the basic structure of the initial vortex becomes difficult to 
discern. At ! = 0.775! the initial hairpin evolves into a complex system of vortices in 
all cases, which upon closer examination not shown here, resembles a turbulent spot 
(Strand and Goldstein, 2011). However, as ‘!’ decreases, the strength of the vortices is 
seen to decrease. Finally at ! = 3.5!, the elongated, rather robust vortex structures in the 
Newtonian case contrast with the weaker structures for the n = 0.7 case.  
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Figure 3.4. Three dimensional visualization of the evolution of !! for a hairpin vortex in 
a channel flow for a Reynolds number of 4000. For each value of ‘!’, the times are ! =   0.0!, 0.05!, 0.775!, and 3.5!, with corresponding !! levels of -10000, -4000, -
2000, and -300. The mean flow is in the positive ! direction. Reprint with permission 
from (Zhen et al., 2013). 
 
Asymmetry is observed in all four cases in figure 3.4 (Zhen et al., 2013). Possible 
causes include the randomness of the calculation, the non-linear term in the Navier-
Stokes equation, the added random noise and Gibbs oscillation, etc. It will take long time 
for round-off error to cause asymmetry. 
These visualizations appear to be in good agreement with the quantitative results 
shown in figures 3.1-3.3 and suggest that the primary effect of shear thinning is to delay 
the transition of the initial perturbed laminar flow to a turbulent state.  In particular, the 
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observed breakdown of the hairpin vortex into smaller scales occurs roughly at a time of 
maximal dissipation. This is in agreement with the fact that the dissipation, which is 
determined from the sum of the squares of velocity gradients, is disproportionately due 
to the smallest flow structures. This is demonstrated via the relation between the Fourier 
spectral density of the dissipation ! !  and that of the velocity field, ! ! , given by ! ! ∝ !!! !  where ! = 2! ! is the wavenumber of an ‘eddy’ and ! is its 
wavelength (Batchelor, 1953; Tennekes and Lumley, 1972; Hinze, 1975). Apparently it 
is this rapid initial breakdown of the hairpin vortex in a shear thinning fluid that leads to 
the delay in the transition of the flow to a turbulent state. Dissipation is related to 
velocity gradient. Smaller structure leads to higher gradients which lead to dissipation. 
 
3.3 The Effect of Hairpin Amplitude on the Evolution of the Flow 
 
For Re = 6000, we choose hpe = 0.1, 1, 5 and 10, n = 1.0, 0.7 and we run the 
simulation for 10s in each case. We would like to see whether self-sustained turbulence 
can be achieved at 10 seconds. When hpe = 0.1, it looks like the perturbation in both 
cases dies out and the parabolic profile is restored after 2 seconds. When hpe = 10, in 
order to run the case where n = 0.7, the time step had to be cut in half versus the time 
step used in the cases where n = 1.0. 
We present dimensional plots here. 
For n = 1.0, for hpe = 1, 5 and 10, the maximum value of energy decreases as hpe 
increases as shown in figure 3.5. The maximum appears earlier in time as hpe increases. 
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In figure 3.6, the case where hpe = 5 has the highest value of production. In figure 3.7, 
the case where hpe = 10 has the highest value of dissipation. For hpe = 0.1, the values of 
energy, production and dissipation remain relatively flat and close to 0.  
 For n = 0.7, for hpe = 1, 5 and 10, the maximum value of energy increases as hpe 
increases as shown in figure 3.8. The maximum appears earlier in time as hpe increases. 
The same trend is also observed for production and dissipation in figure 3.9 and figure 
3.10. For hpe = 0.1, the values of energy, production and dissipation remain relatively 
flat and close to 0. 
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Figure 3.5. Energy for Re = 6000, n  = 1.0, crand = 0.001 (hpe: red: 0.1; green: 1; blue: 
5; black: 10) 
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Figure 3.6. Production for Re = 6000, n  = 1.0, crand = 0.001 (hpe: red: 0.1; green: 1; 
blue: 5; black: 10)	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Figure 3.7. Dissipation for Re = 6000, n  = 1.0, crand = 0.001 (hpe: red: 0.1; green: 1; 
blue: 5; black: 10) 
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Figure 3.8. Energy for Re = 6000, n = 0.7, crand = 0.001 (hpe: red: 0.1; green: 1; blue: 5; 
black: 10) 
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Figure 3.9. Production for Re = 6000, n = 0.7, crand = 0.001 (hpe: red: 0.1; green: 1; 
blue: 5; black: 10) 
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Figure 3.10. dissipation for Re = 6000, n = 0.7, crand = 0.001 (hpe: red: 0.1; green: 1; 
blue: 5; black: 10) 
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4. CONCLUSIONS 
 
In this research effort, the effect of a shear thinning fluid governed by a power law 
model on the evolution of a hairpin vortex was investigated in the channel flow 
geometry by means of direct numerical simulation. With a fixed Reynolds number based 
on the initial maximum flow velocity and wall viscosity, the effect of the power law 
index ‘!’ on the evolution of the vortex was explored. It was found that very early in 
time, as the fluid becomes increasingly shear thinning, the dissipation of kinetic energy 
of the hairpin increases dramatically while the production decreases. Three-dimensional 
flow visualizations reveal that as shear thinning is increased, the hairpin is prone to a 
strong instability in which it rapidly loses coherence. This instability is associated with 
the breakdown of the vortex into small scale structures early in time for the smallest 
values of ‘!’, a process which corresponds to increased viscous dissipation.  
Experiments cited herein have shown that shear thinning fluids can delay the 
transition of a flow to turbulence and can also lead to drag reduction. The simulations 
performed here suggest a possible mechanism for this in which hairpin vortices, a major 
topological building block of wall-bounded turbulence, are weakened or prevented from 
forming in a shear thinning fluid as they undergo the instability described in this 
dissertation. It is unclear, however, what may be causing this instability. It is important 
to point out that the strength of the hairpin used in this investigation, having an initial 
kinetic energy which is several percent of the maximum initial flow velocity, is clearly 
of finite amplitude. In this sense, linear theories (Nouar et al., 2007; Rosenhead, 1963) 
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are unlikely to be successful in elucidating the flows explored here. In fact, since the 
hairpin has considerable initial kinetic energy, it seems likely that the strain field 
generated by the vortex itself may be significantly affecting the local viscosity. In other 
words, unlike standard linear models in which disturbances passively respond to flow 
shear or to already present viscosity stratification, here the hairpin vortex itself may be 
significantly altering the local flow environment.  
Flow visualizations reveal a flow in which, due to the relatively high Reynolds 
numbers, a simple hairpin vortex evolves into a complex, random, vorticity field. Given 
such complexity, it seems unlikely that a simple explanation for the effects of shear 
thinning on vortex evolution can easily be found. However, a simple heuristic 
explanation may be that the rate of strain field generated by the hairpin vortex is 
sufficient to decrease the viscosity very near the vortex cores, as we would expect from a 
power law model. If we define a local Reynolds number based on the initial circulation 
of the flow around the core of the hairpin’s leg, and the viscosity ‘near’ but outside the 
core, we can expect that this Reynolds number should increase as ‘!’ is decreased, 
thereby leading to vortex instability. It is a tentative explanation for the experimental 
observation. This conjecture will require future studies. It is important to note that in 
non-Newtonian flows dominated by viscoelasticity (Kim et al., 2008; Kim and 
Sureshkumar, 2013) it was found that hairpin vortices are suppressed by viscoelastic 
torques which are directed counter to the vorticity of the hairpin core, thus leading to 
reduced hairpin strength. Elastic forces inhibit the vortex stretching. Viscoelasticity 
makes the flow more stable and reduces drag. The authors did not mention dissipation. 
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For purely shear thinning flows, the mechanism responsible for reducing hairpin strength 
is quite different as it appears to be associated with the instability of the vortex itself 
leading to increased viscous dissipation. In (Kim et al., 2008; Kim and Sureshkumar, 
2013), hairpins follow slow decay. In this dissertation, hairpins dissipate in a dramatic 
manner. Visco-elastic fluids are more complicated than shear-thinning fluids.  
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5. FUTURE WORK 
 
This dissertation work shows that shear-thinning fluids have a strong effect of the 
evolution of hairpin vortices, and on the transition of laminar flows to turbulent ones. 
Future work will explore these issues in greater depth and more comprehensively. These 
tasks include: (1) Exploring the effects of shear-thinning on the statistical properties of 
fully developed turbulent channel flow, and (2) Investigate the effects of differing 
viscosity models on the transition process. In task (2), the Carreau model (Cho and 
Kensey, 1991) will be used in which the fluid viscosity µμ is given by: 
µ = µ! + µ0 "µ!( ) 1+ !"( )2#$ %&
n"1( )/2
             5.1( )  
where ∞µ is the viscosity at the infinite shear rate, 0µ is the viscosity at zero shear rate, 
γ  is the shear rate, λ is the relaxation time, and ‘n’ is the power law index. At low shear 
rates, Carreau fluids behave as Newtonian fluids whearas at high shear rates they behave 
as power law fluids. Performing these two simulations will give rise to a much more 
comprehensive understanding of the effects of shear-thinning fluids on wall-bounded 
turbulent flows. 
We attempted to simulate shear-thickening fluids. It is unclear whether or not shear-
thickening will promote transition to turbulence. For future work, the effects of shear-
thickening fluids on the evolution of hairpins can be investigated. 
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APPENDIX A: DERIVATION OF THE TURBULENT KINETIC ENERGY 
EQUATION 
 
A.1 Derivation of the Kinetic Energy Equation for a Newtonian Flow 
 
A.1.1 Newtonian flow during Transient 
 
The notion used in all derivations in Appendix A is the same as the notion used in 
Section 3.2 of (Tennekes and Lumley, 1972). means ensemble average. The ensemble 
average of a fluctuating quantity is zero while the ensemble average of an average 
quantity is the variable itself. 
The equation of motion of an incompressible fluid is: 
ijjiijj
i VPVV
t
V
∂∂+−∂=∂+
∂
∂
ν
ρ
             ( )1.A  
The velocity iV  is decomposed into ensemble average iU  and velocity fluctuation iu , 
such that 
iii uUV +=                   ( )2.A  
The pressure P  is also decomposed into ensemble average and fluctuating components.  
pPP +=                    ( )3.A  
In the derivations in Section A.1.1 and Section A.1.2,ν  is the Newtonian kinematic 
viscosity. 
 We multiply each term of the equation of motion by velocity fluctuation ku and 
obtain the ensemble average of every individual term: 
Unsteady term: 
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( )
t
uu
t
uUu
t
Vu ikiikik ∂
∂
=
∂
+∂
=
∂
∂
             ( )4.A  
Convective term: 
( ) ( ) ijjkijjkijjkijjkiijjjk uuuUuuuUuUUuuUuUu ∂+∂+∂+∂=+∂+  
ijjkijjkijjkijjkijjkijjk uuuUuuuUuuuuUuuuUu ∂+∂+∂=∂+∂+∂=    ( )5.A  
Pressure term: 
( )
ρρρ
pupPuPu ikikik ∂=
+
∂=∂              ( )6.A  
Viscous term: 
( ) ijjkiijjkijjk uuuUuVu ∂∂=+∂∂=∂∂ ννν           ( )7.A  
 We add ( )4.A ( )5.A ( )6.A ( )7.A  and obtain the ensemble average of ( )1.A : 
ijjkikijjkijjkijjk
i
k uu
puuuuUuuuUu
t
uu ∂∂+∂−=∂+∂+∂+
∂
∂
ν
ρ
 
ijjkikijjkijjkijkj
i
k uu
puuuuUuuuuU
t
uu ∂∂+∂−=∂+∂+∂+
∂
∂
ν
ρ
    ( )8.A  
We switch i and k in ( )8.A  which results in ( )9.A : 
kjjikikjjikjjikjij
k
i uu
puuuuUuuuuU
t
uu ∂∂+∂−=∂+∂+∂+
∂
∂
ν
ρ
    ( )9.A  
We add ( )8.A  and ( )9.A : 
( ) kjjikjjiijjkijjkkjiijkjkiik uuuUuuuuuUuuuuuuUt
uu
t
uu ∂+∂+∂+∂+∂+∂+
∂
∂
+
∂
∂
 
( )kjjiijjkkiik uuuupupu ∂∂+∂∂+∂−∂−= νρρ          ( )10.A  
We apply chain rule to each term of ( )10.A  except for ijjk Uuu ∂ , kjji Uuu ∂  and 
pressure terms: 
Unsteady terms: 
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t
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t
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t
uu i
k
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i
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∂
∂
+
∂
∂
=
∂
∂
               ( )11.A  
Convective terms: 
( )kjiijkjkijj uuuuUuuU ∂+∂=∂              ( )12.A  
! j uiujuk( ) = ui! j ujuk( )+ ujuk( )! jui  
= ui uj! juk +uk! juj( )+ujuk! jui = uiuj! juk +ujuk! jui         ( )13.A  
Viscous terms: 
Buuuu kjjiijjk =∂∂+∂∂  
( ) ( )ijkkjijkijj uuuuuu ∂+∂∂=∂∂  
kjijijjkijkjkjjikjij uuBuuuuuuuu ∂∂+=∂∂+∂∂+∂∂+∂∂= 2  
( ) ( )
⎥
⎥
⎦
⎤
⎢
⎢
⎣
⎡
∂
∂
∂
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kijjkjjiijjk x
u
x
uuuuuuu 2νν        ( )14.A  
We obtain ( )15.A : 
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j
j
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x
U
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∂
∂
−
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∂
+
∂
∂
−
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∂
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−
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buoyancy terms                 ( )15.A
 
Convective derivative of the Reynolds stress: ki
j
j uux
U
∂
∂  
Production: 
j
k
ji
j
i
jk x
Uuu
x
Uuu
∂
∂
−
∂
∂
−  
Turbulent transport: ( )
j
kji
x
uuu
∂
∂
−  
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Pressure transport: 
k
i
i
k x
p
u
x
p
u
∂
∂
−
∂
∂
−
ρρ
 
Diffusion: ki
j
uu
x2
2
∂
∂
ν  
Dissipation: 
j
k
j
i
ij x
u
x
u
∂
∂
∂
∂
−=Ε ν2  
Isotropic dissipation: 
2
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We take the trace of ( )15.A :  
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 We then have the final form of the kinetic equation for a fully developed turbulent 
flow as the following: 
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1
2
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( )16.A
 
 
A.1.2 Newtonian flow during transient 
 
The symmetric part of the velocity gradient tensor ijΣ  is decomposed into an average 
quantity ijS  and fluctuation ijs such that: 
ijijij sS +=Σ                   ( )17.A  
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ij
j
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j
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Σ
∂
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=
∂
∂
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∂
∂
∂
νννννν 222    ( )18.A  
The equation of motion of an incompressible fluid then becomes ( )19.A : 
ijjiijj
i PVV
t
V
Σ∂+−∂=∂+
∂
∂
ν
ρ
2              ( )19.A  
We multiply the viscous term by velocity fluctuation ku and obtain the ensemble 
average: 
( ) ijjkijijjkijjkijjk susSuuu ∂=+∂=Σ∂=Σ∂ νννν 2222        ( )20.A  
We then have the ensemble average of ( )19.A : 
ijjkikijjkijjkijkj
i
k su
puuuuUuuuuU
t
uu ∂+∂−=∂+∂+∂+
∂
∂
ν
ρ
2     ( )21.A  
We switch i and k, we then obtain ( )22.A : 
kjjikikjjikjjikjij
k
i su
puuuuUuuuuU
t
uu ∂+∂−=∂+∂+∂+
∂
∂
ν
ρ
2     ( )22.A  
We add ( )21.A  and ( )22.A : 
( ) kjjikjjiijjkijjkkjiijkjkiik uuuUuuuuuUuuuuuuUt
uu
t
uu ∂+∂+∂+∂+∂+∂+
∂
∂
+
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( )kjjiijjkkiik susupupu ∂+∂+∂−∂−= νρρ 2           ( )23.A  
We then obtain ( )24.A : 
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buoyancy terms                 ( )24.A  
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We take the trace of ( )24.A : 
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 We switch the dummy indices i and j in 
j
i
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 We then use chain rule: 
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j
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s
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ijs is symmetric, therefore: jiij ss = . We switch the dummy indices i and j in 
j
i
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∂
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We then have the final form of the kinetic energy equation for a Newtonian flow 
during transient as the following: 
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We then have the kinetic energy equation under steady state: 
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∂ which is the same 
as (3.2.1) on page 63 of (Tennekes and Lumley, 1972). 
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A.2 The Derivation of the Kinetic Equation for a Non-Newtonian Flow during 
Transient 
 
η  is the non-Newtonian kinematic viscosity. The equation of motion of a Non-
Newtonian fluid is: 
( )ij
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x
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Σ
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2             ( )29.A  
We multiply the viscous term by velocity fluctuation ku and obtain the ensemble 
average: 
( ) ijjkijjkijijjkijjkijjk suSusSuuu ηηηηη ∂+∂=+∂=Σ∂=Σ∂ 22222     ( )30.A  
We then have the ensemble average of ( )29.A : 
ijjkijjkikijjkijjkijkj
i
k suSu
puuuuUuuuuU
t
uu ηη
ρ
∂+∂+∂−=∂+∂+∂+
∂
∂ 22  ( )31.A  
We switch i and k, we then obtain ( )32.A : 
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( ) ( )+∂+∂+∂+∂+ kjjiijjkkjjiijjk susuSuSu ηηηη 22 buoyancy terms    ( )34.A  
We take the trace of ( )34.A : 
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 We then use chain rule: 
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We then have the final form of the kinetic equation for a non-Newtonian flow during 
transient as the following: 
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